
RADIATING ~YPERVELOCITY COUETTE AND 

BOUNDARY-LAYER FLOW IN AIR? 

MRRWIN SiBULRIN$ 

Division of Engin~~ng and Center for Fluid Dynamics, Brown University, Providence, R. I., U.S.A. 

(Received 10 Janvary 1967 and in revisedform 10 July 1967) 

Abstract-An analytical solution for high speed Couette flow of a gray gas is given for the situation in 
which the dominant physical mechanisms are the production of energy by viscous dissipation and its 
transfer by radiation. The analysis is extended to air for the non-gray, optically thin case including thermal 
conduction, and numerical results are presented to show the range of validity of the radiation controlied 
solution. The Couette flow results are then applied to the problem of the hypervelocity, laminar boundary 
layer on a flat plate in air. An approximate expression for the Planck mean absorption coefficient of air 
is used, and the results obtained confirm the hypotheses that these boundary layers will be optically thin 
and radiation controlled. The analysis results in simple expressions for estimating the boundary-layer 

temperature and heat-transfer coefficient. 

NOMENCLATURE 

z crT4/n, integrated Planck function ; 
constants defined by equation (26); 
(linear) absorption coefficient ; 
Planck mean absorption coefficient ; 
thermal conductivity; 
thickness of Couette flow layer ; 
radiative flux ; 
half-range radiative fluxes ; 
= p,u,x/p,, Reynolds number ; 
temperature ; 
parameter defined by equation (27); 
velocity parallel to wall ; 
distances parallel and normal to 
wall. 

Greek symbols 

6, thickness of boundary layer ; 

5 emissivity of wall ; 

Pt, viscosity ; 

Pv PO, density; standard density; 
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= 3 ‘K dy, optical depth; 
0 

@, rate of dissipation per unit volume ; 

44 G Q/K. 

Subscripts 

e, conditions at outer edge of layer. 

1. INTRODUCTION 

WHEN vehicles returning from interplanetary 

missions enter the Earth’s atmosphere the 
boundary-layer temperatures may become so 
high that radiation is the dominant mode of 
heat transfer. On the other hand, radiation 
provides a mechanism by which energy may be 
removed from the boundary layer, and thus 
tends to reduce the maximum temperatures 
which the flow will attain. 

When radiant energy transfer is included in 
the conservation equations, the flat plate bound- 
ary layer no longer gives rise to a similarity 
solution except for the limiting case of optically 
thick radiation. (On the basis of the results of 
this paper, the optically thick case appears to be 
physically unrealistic.) This was pointed out by 
Koh and DeSilva [l] who gave some numerical 
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solutions for the optically thin boundary layer 
in air for flight conditions at which the effects 
due to radiation turned out to be negligible. A 
perturbation analysis of the optically thin 
boundary layer with “small” radiation has been 
made by Cess [2], and some numerical solutions 
for a hypothetical gray gas are presented by 
Oliver and McFadden [3]. 

In this paper an approximate analysis of the 
hypervelocity boundary layer on a flat plate in 
air is obtained by first considering the corres- 
ponding Couette flow problem. An analytical 
solution for the Couette flow of a purely radi- 
ating, gray gas which is valid for all optical 
depths is given in Section 2. The case of optically 
thin Couette flow in air with combined radiation 
and thermal conduction is treated in Section 3. 
The rest&s of these two analyses are applied to 
the boundary-layer problem in Section 4. 

2. COUE’ITE FLOW MODEL 

In this model the boundary layer is replaced 
by a parallel flow of thickness L bounded by an 
opaque wall of emissivity E at y = 0 and by a 
constant temperature region at y > L {Fig. 1). 
The model is thus equivalent to a high speed 
Couette flow (i.e. parallel flow with dissipation) 
bounded by a fixed, opaque wall at y = 0 and 
a moving, transparent wall at y = L through 
which blackbody radiation corresponding to 
temperature T, is transmitted. Some numerical 
solutions of Couette flow for combined radiation 
and conduction have been obtained by Viskanta 
[4] using the exact equation of radiative transfer 
for a gray gas and a series expansion of the 
integrated Planck function, and further numeri- 
cal solutions of this problem for flow between 
two opaque walls have been given by Greif [S] 
using an approximate equation of radiative 
transfer. 

When the energy transfer is controlled by 
radiation, the heat flux approaches that given 
by the solution for pure radiation and the 
effects of conduction on the temperature profile 
are confined to thin layers near the walls. This 
has been shown for a stationary gas by Viskanta 

FIG. 1. Schematic drawing of Couette flow model 

and Grosh [6] and by Lick [I7), and extended 
to the case of high speed Couette flow by Greif 
[S]. In this section, analytical results are ob- 
tained for the temperature profiles and heat flux 
using an approximate equation of radiative 
transfer and neglecting the effects of heat transfer 
by conduction. 

In the absence of convection and conduction, 
the energy equation reduces 

dqldy = Qi. (1) 

Upon assuming that the gas is gray, i.e. K = 
K[T(y)], the energy equation can be written in 
terms of optical depth as 

dq/dz = t$ (2) 

where 

4 = Q/K = (p/K,(du/dy)? (2a) 

It is now assumed that (p(r) = const. This as- 
sumption, which is correct for Couette flow with 
constant fluid properties, may be taken as a 
crude approximation for high speed flow. Equa- 
tion (2) can then be immediately integrated to 
give 

q(2) = #r f 410). (3) 

The differential equation of radiative transfer 
in one dimension based upon the Milne- 
Eddington approximation is [8] 

d2q --3q=47$ 
dz2 (4) 
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and the corresponding half-range radiative flux gives 
equations are [8] 

4 + (J3) q(rL) + 2(J3) nB, = 471B@J. (12) 
dq+/dz + (,/3)q+ = 27rB 

(5a) Equations (8, 9, 11, 12) determine B(O), B(z,), 

dq-/dr - (,/3)q- = -2nB (5b) q(0) and q(T,). After algebraic manipulation, the 

where q =q+ - q-. The boundary condition 
solution for q(0) is 

at the wall, which is assumed to be gray and to 
emit and reflect diffusely, is 

q+(O) = mB, + (1 - E)q-(0) at r=O 

(6a) 

and the boundary condition at y = L is 

q-(2,) = xB, at z = zL. (6b) 

Since conduction has been neglected, one must 
allow for the existence of temperature jumps 
B(0) # B, and B(T,) # B, at the boundaries. 

Substituting equation (3) into (4) and inte- 
grating gives 

B(z) = -(3/8x) 4~’ - (3/47r) q(0) z + B(0) (7) 

+ 274&v - 8s) 
2 + E(J3) ZL’ 

(13) 

For application to a hypervelocity boundary 
layer on a real wall, both the free-stream and the 
wall will be relatively cool, and the approxima- 
tions 

B, 4 @L and Be << c$zL 

will be valid ; the quantity 

(14) 

so that for 4 = const. the temperature distri- is independent of K and equal to the rate of 

bution B(r) is quadratic in z as was previously energy dissipation per unit wall area. In this 

shown by Greif r51. case (i.e. for cool boundaries) one obtains 

The constants of integration B(0) and q(0) 

must now be determined. Evaluating equations 
q(0) 

(3) and (7) at r = zL gives 
$= f#XL 

-----_ 
[ 

1 + (1 - d(J3)TL E 

2 + E(J3) ZL 1 2 (16) 
q(2,) = 4TL + q(0) (8) 

and 
8nB(O) -= 4 + 4(,/3) rL + (2 - E) 32; 

hr. (2 + E(J3)ZL)Q ’ 
(17) 

B(z,) = -(3/8rc) $2: - (3/471) q(0) TL + B(o). and 

(9) 

Combining equations (5a) and (5b) yields 

dq/dr + (J3)(q+ + q-) = 47cB (10) 

The boundary condition at y = 0 may be 
manipulated into the form 

q -(0) = nB, - q(O)/& 

and substituted into equation (10) to give 

4 + (43) [l - (2/E)] 4(O) + 2(43) zB, 

= 4nB(O). (11) 

Similarly, the boundary condition at y = L 

2E 

8nB(L) 
PC 

4 + 4(,/3) zL + ~3t; 

4r.L (2 + E(J3) ~L)TL . 
(18) 

The effects of wall emissivity and boundary- 
layer optical thickness on the heat flux absorbed 
by the wall (as given by equation 16) are plotted 
in Fig. 2. For a fixed value of E, the fraction of 
energy dissipated which is transferred to the 
wall, qw/c#nL, varies from e/2 for zL = 0 to 
0.5 as zL + c;o. 

Representative temperature profiles (in terms 
of B a T4) obtained using equations (7, 16, 17) 
are shown in Fig. 3. For E = 0, q(0) = 0 and the 
profiles have a maximum at r = 0 ; for E = 1, 
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FIG. 2. Variation of heat transfer to the wall with surface 
emissivity and optical thickness. 
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FIG. 3. Typical boundary-layer temperature profiles at two 
optical thicknesses. 

For air temperatures below 20OOO”K, Traugott 
[lo] has suggested the use of 

the profiles are symmetrical about z/zL = 05. 
The effect of varying E on the temperature 
profiles at a fixed value of zL increases as rL 
increases. 

For zL Q 1, the temperature is independent 
of r and given by 

87cB/4 = 2 + (2 - E) (J3) ZL. (19) 

For erL B 1, the boundary temperatures are 

and 

F = J3. (20) 

Thus the pure radiation solution gives rise to 
temperature jumps at both boundaries for all 
values of zL. In a real gas these temperature 
discontinuities would, of course, be replaced by 
thin regions of rapidly varying temperature. 

3. OPTICALLY THIN COUEITE 
FLOW IN AIR 

When the layer of gas under consideration is 
optically thin (zL < l), the equation of radiative 
transfer [equation (4)] reduces to (as shown for 
example in [9]) 

dq/dy = 47rBK (21) 

where ff is the Planck mean absorption co- 
efficient which is equal to K for a gray gas, and 
given by 

R = (l/B) 7 K,B, dv 
0 

for a non-gray gas whose absorption coefficient 
per unit frequency K, varies with frequency v. 

Using equation (21), the energy equation for 
optically thin Couette flow including thermal 
conduction of energy is 

d”, kg +4oRT4=C( 2 2. -- 

( > 0 
(22) 
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if =0.2p K 5cm-1; [T] = “K 
0 

For small values of a, the error in the heat 

PO lo4 
(23) transfer to the wall due to neglect of conduction 

as a simple empirical approximation to the 
may be estimated as follows. In the case of 

Planck mean absorption coefficient. We assume 
combined radiation and conduction, the con- 

that the density varies inversely with tempera- 
ductive heat flux to the wall is 

ture 

P/P, = v/T,)-‘, (24) 
q&v = ~~)Y~o =y ($gco, 

and the velocity profile is approximated by 
and in the absence of conduction the radiative 
heat flux given by equation (16) is 

u/K! = y/L. (25) 

The variation of the transport properties with 
temperature is approximated by the linear 
relationships 

~1 = C,T, k = CkT. (26) 

As nondimensional variables we define 0, 

y” = y/L and T E T/T, 

where 

would be the (uniform) temperature of the 
Couette flow layer for the case of pure radiation. 
Combining equations (23-27) with equation (22) 
gives 

-+-& T$ +T'=I ( > (28) 

where the conduction-radiation parameter a is 
defined by 

The boundary conditions [cf. equation (14)] are 
approximated by 

T(o) = o and T(1) = o. (30) 

Solutions of equation (28) with boundary 
conditions (30) were obtained with an analog 
computer, and typical profiles (symmetrical 
about y” = 0.5) are shown in Fig. 4. As a + 0, 
it can be seen that T~JT approaches the pure 
radiation solution T = 1. 

=PTL &,T,u,2 
q(0) = 2 = - 

2L . 

FIG. 4. Effect of conduction-radiation parameter a on the 
temperature profile in the optically thin case. 

Thus the relative effect of conduction is 

=o. (31) 
)’ 

The computer solutions for a < 1 showed that 
within’2 per cent 

2[T(dT/djj&, = 0.43/ Ja 

so that for the case of optically thin Couette 
flow of air, the error due to neglecting conduc- 
tion is 

qc(O)/q(O) = O-43( J4/&. (32) 
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4. THE BOUNDARY LAYER IN AIR 

In this section we obtain an approximate 
solution of the boundary-layer problem by 
using the temperature and velocity profiles of 
the corresponding Couette flow. We shall as- 
sume that the boundary layer is radiation con- 
trolled and optically thin, and determine a 
posteriori when these hypotheses are satisfied. 
Under these conditions the boundary-layer 
temperature T(y) obtained by setting zL = 0 in 
equation (19) is constant, the fluid properties 
are constant, and the velocity profile is linear 
[equation (25)]. 

The key to obtaining a solution is to relate 
the arbitrary Couette flow thickness L to the 
boundary-layer thickness 6. For compressible, 
laminar, flat plate, boundary-layer flow in a gas 
satisfying equations (24) and (26), the normal 
distance y can be expressed in terms of the 
non-dimensional variable q by [f l] 

where Re = peu&pe is the free-stream Reynolds 
number and the velocity distribution u/u, -f’(n) 
satisfies the Blasius equation. Choosing 6 as the 
value of y for which u/u, = 0.99 and using the 
well known solution of the Blasius equation 
gives Q = 3.5. Then since T = const., the result 
of integrating equation (33) is the simple ex- 
pression 

Combining equations (23-25) and (34) with (19) 
gives 

T9 = 5 x lO’*(p,/o)(uj/x) 

which, using cgs units, reduces to 

T = 170 t&x$ “IL (35) 

It may be noted that this unex~ctediy simple, 
approximate result for the boundary-layer tem- 
perature is independent of the free-stream tem- 
perature, density, and viscosity. 

From equation (16) for rL $ 1, the heat flux 
to the wall is, qw = (~/2) @a. Using equations 
(25), (26) and (34) gives 

(36) 

which depends upon the result that T(y) is 
constant but not upon its value. Thus equation 
(36) is independent of the relationship used for 
K(p, T). Combining equation (36) with an ap- 
propriate definition of the Stanton number for 
hypervelocity flow gives another particularly 
simple result 

St = q,,,/(1/2) p& = @iS)Re-f. (37) 

The analysis which has been presented will be 
self consistent when the optical depth ‘sd and the 
conduction-radiation parameter a are small 
and the temperature restriction (T< 20000°K) 
on the Planck mean absorption coefficient R is 
satisfied. Combining equations (23, 26, 34, 35) 
and using a value of p for air at 300°K of 
1.8 x 10e4 g/ems gives (in cgs units) 

Equation (38) shows that, contrary to what one 
might expect, r6 slowly decreases with increasing 
x. Values of Z~ are plotted in Fig. 5 over an 
extended velocity range for a nominal value of 
x = 1 m. These results show that r6 will be 
much less than one for almost any re-entry 
application. Referring to the Couette flow ana- 
lysis of Section 2 as illustrated in Figs. 2 and 3, 
it was seen that values of temperature and heat 
flux for r6 < 0.1 differ negligibIy from those for 
Z6 = 0. 

The parameters TR and c1 were defined in 
equations (27) and (29), where for our boundary- 
layer application TR is given by equation (35). 
Considering dissociated air as a monatomic 
perfect gas of average molecular weight M = 15, 
the value of C,/C, is independent of temperature 
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FIG. 5. Optical depth z, based upon Planck mean absorption coefficient for boundary 
layers in air. 

and given by (Pr z Prandtl number) of CkE/Cr as high as four times that given by 

C,‘ k cr, _ (5/2) (W’W -=_ 
c, /.I==- 213 

= 2.1 x 10’ erg/g%. (39) 

Equation (39) corresponds to the “frozen 
flow” case since it does not include the possible 
transfer of energy in the boundary layer due to 
diffusion of reacting species. Using estimates of 
Fay [12] for the viscosity and “equilibrium” 
conductivity kE of high temperature air would 
give values of C&C,, which vary with tempera- 
ture and density and could give average values 

equation (39). 
Substituting equations (35) and (39) in (29) 

gives (in cgs units) 

3.6 x 10’ 
a= 

uy . 
(40) 

Values of a are plotted in Fig. 6 which shows 
that the hypothesis that a is small (i.e. that the 
boundary layer is radiation controlled) is well 
satisfied for 11, > 15 km/s (say) and marginally 
satisfied at the lower velocities. 

The boundary-layer temperature given by 

lo-i - 

a 

10-Z - 

I- 

I I I I I I I 

0 10 20 30 40 50 60 

ue * km/s 

FIG. 6. Conduction-radiation parameter a for boundary layers in air. 
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FIG. 7. Temperature in the air boundary layer as function of freestream velocity 
and distance from leading edge of plate. 

equation (35) is plotted in Fig. 7 which shows 
that the temperature remains below 20000°K. 
Thus there is a significant range of free-stream 
conditions for which the analysis is self con- 
sistent. For these conditions, the analysis should 
provide useful estimates of the properties of 
hypervelocity boundary layers. 
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R&am&Une solution analytique pour un koulement de Couette B grande vitesse d’un gaz gris est donnC 
dans le cas oh les m&anismes physiques dominants sont la production d’knergie par dissipation visqueuse 
et son transport par rayonnement. L’analyse est &endue B l’air pour les cas non-g&, optiquement mince 
en tenant compte de la conduction thermique, et l’on prbsente des rbultats numeriques pour montrer la 
gamme de va1iditC de la solution contri%e par le rayonnement. Les rbultats de l’&coulement de Couette 
sont alors appliqub au problbme de la couche limite laminaire g grande vitesse dans de l’air sur une plaque 
plane. Une expression approchk pour le coefficient d’absorption moyen de Planck de l’air, est employ& 
et les r&sultats obtenus confirment l’hypothbse que ces couches limita seront optiquement minces et 
contrijl&s par le rayonnement. 

L’analyse aboutit 1 des expressions simples pour l’estimation de la tempbature de la couche limite et 
du coefficient de transport de chaleur. 

Zusammenfrssung-Fiir die Hochgeschwindigkeits-Couette-Str8mung eines grauen Gases wird eine 
analytische L(isung dafiir angegeben, dass die Erzeugung innerer Energie durch Reibung und ihr Transport 
durch Strahlung die bestimmenden physikalischen Vorg%nge darstellen. Die Analyse wird auf Luft aus- 
gedehnt fiir den nicht-grauen, optisch diinnen Fall einschliesslich Wkmeleitung; urn den Giiltigkeits- 
bereich der von der Strahlung bestimmten Liisung zu zeigen, sind numerische LGsungen angegeben. Die 
Couette-Str6mungsergebnisse werden auf das Problem der laminaren Hyperschallgrenzschicht an einer 



RADIATING HYPERVELOCITY COUETTE FLOW 129 

ebenen Platte in Luft angewandt. Ein Ntierungsausdruck wird fiir den mittleren Planck’schen Absorp- 
tionskoe&ienten von Luft verwendet und die Ergebnisse best&t&n die Annahme, dass diese Grenz- 
schichten opt&h dtirm und strahlungsunabhtigig sind. Die Analyse liefert einfache Ausdriicke zur 

Abschltzung der Grenzschichttemperatur und des W&rmeiibergangskoeffiienten. 

~o~~-~pe~cTaB~eK~ ~a~KTHqe~Koe pemeHKe BWOKOCKO~OCTEO,PO Tevemtl Kywra 
ceporo rasa, r&e ~HOBH~ ~K8K~e~KK~ KexaHK~~o~ mwmeTcK o6pa8oBaH~e aHeprrH rqxi 
BRBKOS XHcCK~a~K~ K eE nepeHoc K~~y~eKKe~. AHazwa pac~pocTpa~~eTc~ ~a BOBJ&YX XJIR 
CJIyqaR HeCep$8 OllTK~eCKK TOHKOft CpeJ&l, BKJIXOYaR TelIJlOEpOBO~HOCl%, &N!~CTaBJleHFA 
9KmeHKble pesynbram, KoTopbIe noKamBaroT 06sacTb npmeHeKurr peruemin oafs cnyqaq 
KOrxa npoI4ecc nepexioca Tema 0npe~emeTcfi pagwaqwetf. SaTem peaynbram ~rrr TegeHmK 
Kyana npmfemmrc~ K aanaqe runepcKopocTHor0 nammapnoro norpaHKsaor0 cnofi Ha 
IIJIOCKOft IIJ'faCTEIHKeB BOeXyXe. ,@Ifi IKJfaHKOBCKOrO Cpep;Iiel'O KO%#IU~IieHTa IlO~JlO~eHkfI! B 

BO8Hyxe KCIIOJlb8yeTCfi npn6mmemoe BblpameHKe II noaywnmIe peElyJlbTaTl.4 ROffrBep- 
~a~TrK~OTeayOTOm,4TOaTK ~OP~~HK4HbIeC~OIlRBJIRIOTC(IO~TM~eCKUTOHKUMIIM~O~eCC 
Te~~oo6MeKa B HMX O~pexe~KeTcK pa~a~~e~. B peaynbTaTe aHazxaa rronysexibt npocme 
BHpa~eHK~ AJrff pameTa TeKKepa~p~ ~OrpaHK~HOrO CGIOR ii KOe~~K~KeHTa Te~~OO6~eHa. 


