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Abstract—An analytical solution for high speed Couette flow of a gray gas is given for the situation in
which the dominant physical mechanisms are the production of energy by viscous dissipation and its
transfer by radiation. The analysis is extended to air for the non-gray, optically thin case including thermal
conduction, and numerical results are presented to show the range of validity of the radiation controlled
solution. The Couette flow results are then applied to the problem of the hypervelocity, laminar boundary
layer on a flat plate in air. An approximate expression for the Planck mean absorption coefficient of air
is used, and the results obtained confirm the hypotheses that these boundary layers will be optically thin
and radiation controlled. The analysis results in simple expressions for estimating the boundary-layer
temperature and heat-transfer coefficient.

NOMENCLATURE
B, =¢T*/r, integrated Planck function;
C,, C;, constants defined by equation (26);
K, (linear) absorption coefficient ;
K, Planck mean absorption coefficient ;
k, thermal conductivity;
L, thickness of Couette flow layer;
q, radiative flux;
q*,q", half-range radiative fluxes;
Re, = pu.x/u,, Reynolds number;
T, temperature;
Tz, parameter defined by equation (27);
u, velocity parallel to wall;
X, ¥, distances parallel and normal to
wall.
Greek symbols
0, thickness of boundary layer;
g, emissivity of wall;
i, viscosity;
P, po,  density; standard density;

t This work was supported by the Advanced Research
Projects Agency (Ballistic Missile Defense Office) and by
the Fluid Dynamics Branch of the Office of Naval Research
under Contract Nonr 562(35), Task NR 061-132.

1 Professor of Engineering.

T, = f K dy, optical depth;
0
b, rate of dissipation per unit volume;
o, =¢/K.
Subscripts
e, conditions at outer edge of layer.

1. INTRODUCTION
WHEN vehicles returning from interplanetary

missions enter the Earth’s atmosphere the
boundary-layer temperatures may become so
high that radiation is the dominant mode of
heat transfer. On the other hand, radiation
provides a mechanism by which energy may be
removed from the boundary layer, and thus
tends to reduce the maximum temperatures
which the flow will attain.

When radiant energy transfer is included in
the conservation equations, the flat plate bound-
ary layer no longer gives rise to a similarity
solution except for the limiting case of optically
thick radiation. (On the basis of the results of
this paper, the optically thick case appears to be
physically unrealistic.} This was pointed out by
Koh and DeSilva [1] who gave some numerical
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solutions for the optically thin boundary layer
in air for flight conditions at which the effects
due to radiation turned out to be negligible. A
perturbation analysis of the optically thin
boundary layer with “small” radiation has been
made by Cess [2], and some numerical solutions
for a hypothetical gray gas are presented by
Oliver and McFadden [3].

In this paper an approximate analysis of the
hypervelocity boundary layer on a flat plate in
air is obtained by first considering the corres-
ponding Couette flow problem. An cnalytical
solution for the Couette flow of a purely radi-
ating, gray gas which is valid for all optical
depths is given in Section 2. The case of optically
thin Couette flow in air with combined radiation
and thermal conduction is treated in Section 3.
The results of these two analyses are applied to
the boundary-layer problem in Section 4.

2. COUETTE FLOW MODEL

In this model the boundary layer is replaced
by a parallel flow of thickness L bounded by an
opague wall of emissivity ¢ at y =0 and by a
constant temperature region at y > L {Fig. I).
The model is thus equivalent to a high speed
Couette flow (i.e. parallel flow with dissipation)
bounded by a fixed, opaque wall at y = 0 and
a moving, transparent wall at y = L through
which blackbody radiation corresponding to
temperature T, is transmitted. Some numerical
solutions of Couette flow for combined radiation
and conduction have been obtained by Viskanta
[4] using the exact equation of radiative transfer
for a gray gas and a series expansion of the
integrated Planck function, and further numeri-
cal solutions of this problem for flow between
two opaque walls have been given by Greif [5]
using an approximate equation of radiative
transfer.

When the energy transfer is controlled by
radiation, the heat flux approaches that given
by the solution for pure radiation and the
effects of conduction on the temperature profile
are confined to thin layers near the walls. This
has been shown for a stationary gas by Viskanta
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FiG. 1. Schematic drawing of Couette flow model.

and Grosh [6] and by Lick [7], and extended
to the case of high speed Couette flow by Greif
[5]. In this section, analytical results are ob-
tained for the temperature profiles and heat flux
using an approximate equation of radiative
transfer and neglecting the effects of heat transfer
by conduction.

In the absence of convection and conduction,
the energy equation reduces

dg/dy = . (1)

Upon assuming that the gas is gray, le. K =
K[T(y)], the energy equation can be written in
terms of optical depth as

dg/dt = ¢ (2
where
¢ = &/K = (u/K) (du/dy)>.

It is now assumed that ¢(r} = const. This as-
sumption, which is correct for Couette flow with
constant fluid properties, may be taken as a
crude approximation for high speed flow. Equa-
tion (2) can then be immediately integrated to
give

{2a)

g(v) = ¢t + ql0). 3)

The differential equation of radiative transfer
in one dimension based upon the Milne-
Eddington approximation is [8]

d%q

d~r—2—3qx4na 4)
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and the corresponding half-range radiative flux
equations are [8]

dq*/dt + (\/3)q* = 2nB
dg~/dt — (J3)q~ = —2nB

where ¢ = q* — ¢q~. The boundary condition
at the wall, which is assumed to be gray and to
emit and reflect diffusely, is

q*(0) =enB, + (1 —&)q"(0)  at

(Sa)
(Sb)

=0
(6a)

and the boundary condition at y = L is

(6b)

Since conduction has been neglected, one must
allow for the existence of temperature jumps
B(0) # B, and B(t;) # B, at the boundaries.

Substituting equation (3) into (4) and inte-
grating gives

B(t) = —(3/87) ¢1* — (3/4m) q(0) = + B(0) (V)

so that for ¢ = const. the temperature distri-
bution B(z) is quadratic in 7 as was previously
shown by Greif [5].

The constants of integration B(0) and ¢(0)
must now be determined. Evaluating equations
(3) and (7) at T = 1, gives

q(ty) = ¢1p, + q0) ®)

q (t,) = nB, at T =1,

and
B(ty) = —(3/8n) ¢ti — (3/4m) q(0) 1, + BO).
9
Combining equations (5a) and (5b) yields
dg/dt + (\/3)(g* + ¢g") =4nB  (10)

The boundary condition at y =0 may be
manipulated into the form

q~(0) = =B, — q(0)/¢
and substituted into equation (10) to give
¢ + (V3 [1 - 2/)]40) + 2(/3) =B,
= 4nB(0). (11)

Similarly, the boundary condition at y = L

2E

gives

¢ + (/3 q(w) + 2/3)nB, = 4nBfr,).  (12)

Equations (8, 9, 11, 12) determine B(0), B(zy),
¢(0) and ¢(z;). After algebraic manipulation, the
solution for g(0) is

_ (1 — &) ({/3) 7] edr,
90) = - [1 5 + 8(\/3)TL:I 2
2ne(B, — B,)
2+ /31, (13

For application to a hypervelocity boundary
layer on a real wall, both the free-stream and the
wall will be relatively cool, and the approxima-
tions

Bw < quL
will be valid; the quantity

and B, < ¢1; (14)

L
¢, = (I)(Ddy (15)

is independent of K and equal to the rate of
energy dissipation per unit wall area. In this
case (i.e. for cool boundaries) one obtains

4 _ 40 _ [ 0-9du)e
bu du 2+ eI ]2
(16)

8nB0) _ 4 + 43 + (2 — 83}
b1, 2+ eI, ’

(17)

and
8nB(L) 4 + 4/3)1, + €317
¢tL Q2+ 3(\/3) T

The effects of wall emissivity and boundary-
layer optical thickness on the heat flux absorbed
by the wall (as given by equation 16) are plotted
in Fig. 2. For a fixed value of ¢, the fraction of
energy dissipated which is transferred to the
wall, q,/¢t,, varies from &2 for 7, =0 to
05 as 1, —» .

Representative temperature profiles (in terms
of B oc T*) obtained using equations (7, 16, 17)
are shown in Fig. 3. For ¢ = 0, ¢(0) = 0 and the
profiles have a maximum at 1 = 0; for ¢ = 1,

(18)
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FiG. 2. Variation of heat transfer to the wall with surface
emissivity and optical thickness.
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the profiles are symmetrical about t/1; = 0'5.
The effect of varying ¢ on the temperature
profiles at a fixed value of 7, increases as 7,
increases.
For 7, < 1, the temperaiure is independent
of 7 and given by
8nB/¢p =2+ (2 - &) (It (19

For ¢7;, » 1, the boundary temperatures are

8nB(0) (2 -
(e
8nB(L)
=./3 20
p J (20)

Thus the pure radiation solution gives rise to
temperature jumps at both boundaries for all
values of 7,. In a real gas these temperature
discontinuities would, of course, be replaced by
thin regions of rapidly varying temperature.

3. OPTICALLY THIN COUETTE
FLOW IN AIR
When the layer of gas under consideration is
optically thin (r; < 1), the equation of radiative
transfer [equation (4)] reduces to (as shown for
avammnla in TOT

CAaaiipiv ui 7 §j

dg/dy = 4nBK (21)

where K is the Planck mean absorption co-
efficient which is equal to K for a gray gas, and
given by

K = (1/B) | K,B,dv
0

for a non-gray gas whose absorption coefficient
per unit frequency K, varies with frequency v.

Using equation (21), the energy equation for
optically thin Couette flow including thermal
conduction of energy is

2

——d—y (kc(ii—:\ + 40KT* = y(%) . (22)

For air temperatures below 20000°K, Traugott
[10] has suggested the use of
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T 5
022 (T(F) em™!; [T]=°K (23)
as a simple empirical approximation to the
Planck mean absorption coefficient. We assume
that the density varies inversely with tempera-
ture

plp. = (T/T)" Y, (24)
and the velocity profile is approximated by
ufu, = y/L. (25)

The variation of the transport properties with
temperature is approximated by the linear
relationships

p=C\T, k=CT. (26)
As nondimensional variables we define
J=y/L and T =T/T,
where
020 po C u ]
Te= [0 80 p, TL2 @7

would be the (uniform) temperature of the

Couette flow layer for the case of pure radiation.

Combining equations (23-27) with equation (22)
o« d

gives

where the conduction—radiation parameter a is
defined by

(28)

CiTr

o .
ug

(29)

I3

The boundary conditions [cf. equation (14)] are
approximated by

T0) = Ty=0. (30

Solutions of equation (28) with boundary
conditions (30) were obtained with an analog
computer, and typical profiles (symmetrical
about j = 0-5) are shown in Fig. 4. As a — 0,
it can be seen that T(j) approaches the pure
radiation solution T = 1.

and

For small values of «, the error in the heat
transfer to the wall due to neglect of conduction
may be estimated as follows. In the case of
combined radiation and conduction, the con-
ductive heat flux to the wall is

dr _C.T} ( g)
C(O) ( y)y=0 B L T dj; y=0

and in the absence of conduction the radiative
heat flux given by equation (16) is

sC"TRug
2L

4(0) = 8¢1-'L

[ "3
n
1N

o | | ! !
v} 04 02 v 03 0-4 05

=T
F1G. 4. Effect of conduction-radiation parameter o on the
temperature profile in the optically thin case.

Thus the relative effect of conduction is

4d0) _ 2 <T dj)
4@ "o\ & )eo

The computer solutions for « < 1 showed that
within 2 per cent

2[T@T/dP]y=0 = 043/ /x

so that for the case of optically thin Couette
flow of air, the error due to neglecting conduc-
tion is

€39

qc(0)/g(0) = 0-43(,/a)/e. (32)
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4. THE BOUNDARY LAYER IN AIR

In this section we obtain an approximate
solution of the boundary-layer problem by
using the temperature and velocity profiles of
the corresponding Couette flow. We shall as-
sume that the boundary layer is radiation con-
trolled and optically thin, and determine a
posteriori when these hypotheses are satisfied.
Under these conditions the boundary-layer
temperature T(y) obtained by setting t;, = 0 in
equation (19) is constant, the fluid properties
are constant, and the velocity profile is linear
[equation (25)].

The key to obtaining a solution is to relate
the arbitrary Couette flow thickness L to the
boundary-layer thickness 8. For compressible,
laminar, flat plate, boundary-layer flow in a gas
satisfying equations (24) and (26), the normal
distance y can be expressed in terms of the
non-dimensional variable n by [11]

n
y = x(2/Re)* [ (T/T,) dn* (33)
0
where Re = pu.x/y, is the free-stream Reynolds
number and the velocity distribution u/u, =f'(n)
satisfies the Blasius equation. Choosing é as the
value of y for which w/u, = 0-99 and using the
well known solution of the Blasius equation
gives 1y = 3-5. Then since T' = const., the result
of integrating equation (33) is the simple ex-
pression

_ STudxt

© Tpiut
Combining equations (23-25) and (34) with {19)
gives

(34)

T® =5 x 10"%po/o) (u3/x)

which, using cgs units, reduces to

T = 170 u}/x* °K. (35)
It may be noted that this unexpectedly simple,
approximate result for the boundary-layer tem-
perature is independent of the free-stream tem-
perature, density, and viscosity.

MERWIN SIBULKIN

From equation (16) for t; < 1, the heat flux
to the wall is’ g, = (¢/2) 6. Using equations
(25), (26) and (34) gives

g = & (Pebe\' 4
YO0\ x ¢

which depends upon the result that T(y) is
constant but not upon its value. Thus equation
(36) is independent of the relationship used for
K(p, T). Combining equation (36) with an ap-
propriate definition of the Stanton number for
hypervelocity flow gives another particularly
simple result

(36)

St = q,/(1/2) pu? = (¢/S)Re™ . (37)

The analysis which has been presented will be
self consistent when the optical depth 7, and the
conduction—radiation parameter o are small
and the temperature restriction (T < 20000°K)
on the Planck mean absorption coefficient K is
satisfied. Combining equations (23, 26, 34, 35)
and using a value of u for air at 300°K of
1'8 x 107* g/cms gives (in cgs units)

TN\
= -~10 pe e ue

Equation (38) shows that, contrary to what one
might expect, 7, slowly decreases with increasing
x. Values of 7; are plotted in Fig. 5 over an
extended velocity range for a nominal value of
x = 1 m. These results show that t; will be
much less than one for almost any re-entry
application. Referring to the Couette flow ana-
lysis of Section 2 as illustrated in Figs. 2 and 3,
it was seen that values of temperature and heat
flux for 75 < O-1 differ negligibly from those for
75 = 0.

The parameters Tr and o were defined in
equations (27) and (29), where for our boundary-
layer application Ty is given by equation (35).
Considering dissociated air as a monatomic
perfect gas of average molecular weight M = 15,
the value of C,;/C,, is independent of temperature

(38)



RADIATING HYPERVELOCITY COUETTE FLOW

727

1071
i
1072

w B
h -
1072
10-3 1 | | | | !
0 10 20 30 40 50 60 70
g, km/s

FiG. 5. Optical depth 7, based upon Planck mean absorption coefficient for boundary
layers in air.

and given by (Pr = Prandtl number)

Co _k_ ¢ (52 (2/M)
c, u Pr 23
=21 x 107erg/g’K.  (39)

Equation (39) corresponds to the “frozen
flow” case since it does not include the possible
transfer of energy in the boundary layer due to
diffusion of reacting species. Using estimates of
Fay [12] for the viscosity and ‘“‘equilibrium”
conductivity kg of high temperature air would
give values of C,,/C, which vary with tempera-
ture and density and could give average values

u

of C,./C, as high as four times that given by
equation (39).

Substituting equations (35) and (39) in (29)
gives (in cgs units)

36 x 10°

o= (40)

uixt
Values of o are plotted in Fig. 6 which shows
that the hypothesis that « is small (i.e. that the
boundary layer is radiation controlled) is well
satisfied for u, > 15 km/s (say) and marginally
satisfied at the lower velocities.

The boundary-layer temperature given by

x (m)

1071 - 1
10

a

10~ 2|—

i 1 | | I [
0] 10 20 30 40 50 60 70

U, km/s

F1G. 6. Conduction-radiation parameter « for boundary layers in air.
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F1G. 7. Temperature in the air boundary layer as function of freestream velocity
and distance from leading edge of plate.
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Résumé—Une solution analytique pour un écoulement de Couette a grande vitesse d’un gaz gris est donné
dans le cas ol les mécanismes physiques dominants sont la production d’énergie par dissipation visqueuse
et son transport par rayonnement. L’analyse est étendue & 'air pour les cas non-gris, optiquement mince
en tenant compte de la conduction thermique, et I’on présente des résultats numériques pour montrer la
gamme de validité de la solution contrdlée par le rayonnement. Les résultats de I'écoulement de Couette
sont alors appliqués au probléme de la couche limite laminaire & grande vitesse dans de I’air sur une plaque
plane. Une expression approchée pour le coefficient d’absorption moyen de Planck de I’air, est employée,
et les résultats obtenus confirment ’hypothése que ces couches limites seront optiquement minces et
contrdlées par le rayonnement.

L’analyse aboutit 4 des expressions simples pour I’estimation de la température de la couche limite et

du coefficient de transport de chaleur.

Zusammenfassung—Fiir die Hochgeschwindigkeits-Couette-Stromung eines grauen Gases wird eine
analytische Ldsung dafiir angegeben, dass die Erzeugung innerer Energie durch Reibung und ihr Transport
durch Strahlung die bestimmenden physikalischen Vorginge darstellen. Die Analyse wird auf Luft aus-
gedehnt fiir den nicht-grauen, optisch diinnen Fall einschliesslich Wirmeleitung; um den Giiltigkeits-
bereich der von der Strahlung bestimmten Losung zu zeigen, sind numerische Losungen angegeben. Die
Couette-Stromungsergebnisse werden auf das Problem der laminaren Hyperschallgrenzschicht an einer
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ebenen Platte in Luft angewandt. Ein Niherungsausdruck wird fiir den mittleren Planck’schen Absorp-

tionskoeffizienten von Luft verwendet und die Ergebnisse bestitigen die Annahme, dass diese Grenz-

schichten optisch diinn und strahlungsunabhingig sind. Die Analyse liefert einfache Ausdriicke zur
Abschitzung der Grenzschichttemperatur und des Wiarmeiibergangskoeffizienten.

Asmoranaa—IIpescTaBieH0 aHAIATHYECKOE DelIHHEe BHCOKOCKOPOCTHOro Tewenus Hysrra
Cepore rasa, rjge¢ OCHOBHHM (HBHYECKMM MEXAHHM3MOM ABJAeTcA ofpasoBaHHe DHEPIHU IIPH
BASKOH AMCCHIIAUMY ¥ eé NepeHOC M3IyueHHeM. AHAJIN3 PACHPOCTPAHACTCA HA BOSAYX HIA
CIy4ad Hecepofl ONTHYECKH TONKON CpelH, BKIIOYAA TEmJIONpOBOXHOCT:. IlpencraBneHu
YHCJICHHHE Pe3yJbTaTH, KOTOPHE NOKA3HBAKT 007aCTh MPUMEHEHUA PeLIeHHA A CIyHas,
KOTa Dpouecc mepeHoca TeNJa onpefnensercA paguanuest, 3aTeM pe3yJbTaTH ANA TeUeHHA
Kysrra DpAMeHAOTCA K 33fiade MHIEPCKOPOCTHOTO JAMHHAPHOrO NOTPAHMYHOrO CJIOA HA
OI0CKON 1iIacTunue. B Bosayxe. [1iA NIIaHKOBCKOTO cpefHero KoaQ@UIMeHTa NOTJIONEHHA B
BOBAYXE HCHONLBYETCA NpHORMMKEHHOe BHPAMEHNE U MOJYYCHHHE pesyJbTATH NOATBEp-
HAAIOT FUIIOTE3Y O TOM, YTO 3TH NOTPAHMYHKEE CHOM ABIAITCH ONTHYECKH TOHKHMH ¥ IPOIece
TemrooGMeHa B HUX OMpeReNfeTcs pajuaumeit. B peayiprarTe aHAAN33 MOIyYeHH IPOCTHE
BHpaKEHHA KA pacuyera TEMNEPATYDH IOTPAHHYHOIC CJI0H ¥ Koaddunuenta TennroobMena.
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